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Abstract
There are now evidences that the cosmological constant Λ has a
non-zero positive value. Alternative scenarios to a pure cosmologi-
cal constant model are provided by quintessence, an effective negative
pressure fluid permeating the universe. Recent results indicate that
the energy density ρ and the pressure p of this fluid are constrained by
−ρ ≤ p <∼ −0.6 ρ. Since p = −ρ is equivalent to the pure cosmological
constant model, it is appropriate to analyze this particular, but im-
portant, case further. We study the linear theory of perturbations in a
Friedmann-Rober-tson-Walker universe with a cosmological constant.
We obtain the equations for the evolution of the perturbations in the
fully relativistic case, for which we analyze the single-fluid and the
two-fluid cases. We obtain solutions to these equations in appropriate
limits. We also study the Newtonian approximation. We find that
for a positive cosmological constant universe (i) the perturbations will
grow slower in the relativistic regime for a two-fluid composed of dark
matter and radiation, and (ii) in the Newtonian regime, the pertur-
bations stop growing.
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1 Introduction
Ever since Einstein first introduced it, the cosmological constant Λ has had
a history full of ups and downs. The interest in it has been reawakened
by novel results, which now lead us to believe that Λ is an essential fac-
tor in the present dynamical evolution of the universe. A result supporting
the existence of a cosmological constant is due to the recent balloon-borne
measurements of the cosmic background radiation ([de Bernardis et al. 2000,
Hanany et al. 2000]). These measurements lead to a non-zero cosmological
constant and to an Ω ≃ 1 universe. Another important result comes from the
study of high redshift supernovae ([Riess et al 1998, Perlmutter et al. 1999]),
which leads us to believe that the expansion of the universe is accelerat-
ing. In combination, both studies yield for the present energy densities
of matter and the cosmological constant roughly the values ΩM ≃ 0.3,
ΩΛ ≃ 0.7. An alternative to the cosmological constant scenario is pro-
vided by quintessence, a scalar field furnishing an effective negative pres-
sure fluid ([Peebles 1984, Peebles & Ratra 1988]). Recent results indicate
that the energy density ρ and the pressure p of the fluid are constrained by
−ρ ≤ p <∼ −0.6 ρ [Efstathiou 2000]. Since p = −ρ is equivalent to the pure
cosmological constant model, it is appropriate to study this case further, in
some detail, which we shall do in this paper.
A long standing issue yet to be fully solved, in which the cosmological
constant Λ (or variants such as quintessence) can play a role, is how the
multitude of structures we observe in the sky has formed from a homoge-
neous background. In harmony with the novel findings mentioned above,
some works have also shown that the existence of a positive cosmological
constant in a cold dark matter scenario yields results that fit better with
observations, namely, the power in the perturbation spectrum as a func-
tion of wavelength (or mass) ([Kofman et al. 1993, Krauss & Turner 1995,
Ostriker & Steinhardt 1995] , and the cluster abundance as a function of
redshift [Bertschinger 1998, Bahcall et al. 1999]). There are now some good
reviews on the effect of a non-zero cosmological constant on the universe
([Carroll et al. 1992, Cohn 1998, Sahni & Starobinsky 2000, Carroll 2000]).
One subject that has not been discussed in detail for a universe with a
positive cosmological constant, and which is a basic step in the understand-
ing of structure formation, is the study of the equations and solutions of
linear perturbations from the homogeneous background. This has been done
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exhaustively for models considering mainly dark matter, both warm and
cold, normal matter and radiation (see, e.g., [Peebles 1980, Peebles 1993,
Padmanabhan 1993], and references therein), but mostly leaving out the ex-
istence of a possible cosmological constant. Some exceptions are the papers
by [Kofman & Starobinskii 1985] where the authors study anisotropies in the
microwavebackground in a positive Λ universe, [Silveira & Waga 1994] where
a perturbation analysis and power spectrum calculation in a universe with a
time-dependent cosmological constant is performed, [Abramo & Finelli 2001]
and [Riazuelo & Uzan 2000] where one finds a perturbation analysis in mod-
els of quintessence, and [Proty 2000] in which an extrapolation from a Λ = 0
case to a Λ > 0 case is made.
An excellent discussion on the theory of linear perturbations and their
connection to structure formation is given in the book of Padmanabhan
([Padmanabhan 1993]). Our work presented here is based mainly on chapter
4 of Padmanabhan’s book. It is our aim to extend the analysis and study of
the linear perturbation theory by including the effects of a positive cosmo-
logical constant. A Newtonian analysis has been presented in ([Cohn 1998]),
which is valid for perturbations with wavelengths much smaller than the
horizon size and for non-relativistic fluids. We enlarge the analysis to the
relativistic regime, valid for wavelengths larger than the horizon size, and for
relativistic fluids. As it is known, the existence of a positive Λ affects the rate
of expansion of the universe, but not the the self-gravity of the perturbations.
This causes a suppression on the growth of the perturbations. Since obser-
vations favour a flat universe we set Ω = 1 in our study. We then find that,
indeed, for a positive Λ-Universe (i) the perturbations will grow slower in the
relativistic regime for a two-fluid composed of dark matter and radiation (the
growing mode grows with the power 1/4 instead of 1 which characterizes the
Λ = 0 case), and (ii) in the Newtonian regime, the perturbations stop growing
in a Λ-dominated universe (see also [Kofman et al. 1993, Cohn 1998]).
Our paper is delineated as follows. In section 2 the perturbed equations
for a single relativistic fluid are found and solved for a radiation dominated
phase, for a matter dominated phase and for a Λ dominated phase. In section
3 the perturbed equations for two relativistic fluids are studied and applied for
the coupled system of radiation and dark matter. In section 4 the perturbed
equations in the Newtonian approximation are obtained and solved. These
are valid for length scales smaller than the horizon size. In section 5 we
conclude.
3
2 The relativistic case: single fluid
2.1 Equations
When studying perturbations in general relativity there is always the prob-
lem of fixing a gauge, or coordinate system. A discussion of the pertur-
bation equations in different gauge conditions is given by Hwang and Noh
([Hwang & Noh 1997], see also [Bardeen 1980]), while Unruh ([Unruh 1998])
gives a discussion on the problems of gauge fixing. We will fix our gauge as
the comoving gauge, with the four-velocity uα given by uα = (1, 0, 0, 0), to
derive the perturbation equations for a nonzero Λ universe. The derivation of
the equations for Λ = 0 is given by Padmanabhan ([Padmanabhan 1993]); we
will here follow his procedure closely, modifying the equations to introduce
the cosmological constant.
We use the overdot to denote the derivative uαDα. The projection tensor
onto surfaces orthogonal to comoving world lines, the comoving hypersur-
faces, is hαβ = gαβ − uαuβ. The natural derivative on these comoving hy-
persurfaces is hβαDβ, and the Laplacian is given by ∇2 = −hβαDβhαγDγ. The
metric is the usual Friedmann-Robertson-Walker metric for a flat universe,
given by
ds2 = dt2 − a(t)2[dr2 + r2(dθ2 + sin2 θdφ2)] . (1)
The energy momentum tensor is T αβ = (ρ + p)uαuβ − pgαβ, where ρ is the
energy density and p the pressure of the fluid. We start with the relativistic
continuity and Euler equations, derived from DαT
α
β = 0:
ρ˙ = −3H(ρ+ p) , (2)
u˙α =
hβαDβp
ρ+ p
. (3)
The Einstein field equations, Gαβ − Λgαβ = 8piGTαβ, yield the Friedmann
equation
H2 =
8piG
3
ρ+
Λ
3
. (4)
Note that it is sometimes interesting to consider the cosmological constant
term, Λgαβ, as being an energy-momentum tensor for a special fluid. Here
we do not follow this procedure, since we find more useful to see it as a
cosmological constant term.
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Expanding u˙α, using the definition for overdot given above, we have
Dαu˙
α = (Dαu
β)(Dβu
α) + uβDβ(Dαu
α) + uβRαβu
α . (5)
In our chosen frame, the first two terms in the left hand side are purely
spatial. Using
uαRαβu
β = R00 = 4piG(ρ+ 3p)− Λ , (6)
and, splitting the tensor Diu
j into a diagonal term (which in the absence of
perturbations will be related to the Hubble’s constant H by Hubble’s Law)
and non-diagonal terms (which are perturbative terms whose square is of
second order) we get, up to first order
Dαu˙
α = 3H˙ + 3H2 + 4piG(ρ+ 3p)− Λ . (7)
Using now Euler’s equation (3), and again up to first order, we can relate
the left hand side of (7) to ∇2p by
Dαu˙
α = − ∇
2p
ρ+ p
. (8)
Combining equations (7) and (8), we have
H˙ = −H2 − 4piG
3
(ρ+ 3p) +
Λ
3
− ∇
2p
ρ+ p
. (9)
Following Padmanabhan ([Padmanabhan 1993]), we need to change our time
variable to have a valid time label for the comoving hypersurfaces. Taking t
to be the valid ordering label, we have:
dτ
dt
= 1− δp
ρ+ p
(10)
Taking now the perturbed quantities of the form A = Ab + δA, where Ab is
the background, non-perturbed quantity and δA is a small perturbation, we
can rewrite the continuity equation (2) up to first order as
dρ
dτ
= ρ˙b + δρ˙+
ρ˙b
ρb + pb
δp (11)
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where the overdot is used to represent the derivatives with respect to t.
Taking the linearized right-hand side of (2), and equating the zeroth order
terms, we get
ρ˙b = −3Hb(ρb + pb) , (12)
and, for the first order terms,
δρ˙ = −3δH(ρb + pb)− 3Hbδρ . (13)
For H˙, we have
dH
dτ
= H˙b + δH˙b +
H˙b
ρb + pb
δp . (14)
Linearizing equation (9) and equating to equation (14), we have for the zeroth
order terms,
H˙b = −H2b −
4piG
3
(ρb + 3pb) +
Λ
3
. (15)
Using now the zeroth order expression (15) and Friedmann’s equation, (4),
the first order term is
δH˙ = −2HbδH − 4piG
3
δρ− c
2
s
3
∇2δρ
ρb + pb
, (16)
where we used the definition δp = c2sδρ, cs being the speed of sound. We
can then rewrite equation (13) in first order in δH , and differentiate it with
respect to t to get:
δH˙ = − 1
3(1 + w)
[
δ¨−3Hb(2w− c2s ) δ˙+
9
2
H2b (2c
2
s −w+w2)δ−
3
2
Λw(1+w)δ
]
,
(17)
where w = p/ρ and δ = δρ/ρ, and we have used
w˙ = −3Hb(1 + w)(c2s − w) , (18)
H˙b = −3
2
H2b (1 + w) +
1
2
Λ(1 + w) . (19)
Using (13), (16) and (17), we finally arrive at:
δ¨ +Hb(2− 6w + 3c2s) δ˙ − 32H2b (1− 6c2s − 3w2 + 8w)δ
+1
2
(1 + w)(1− 3w)Λδ = −
(
k cs
a
)2
δ , (20)
where we introduced the Fourier transform such that ∇2δ = −(k/a)2δ. The
Newtonian limit, is obtained by taking w ≈ 0 and c2s ≈ 0 in the left hand
side and using Friedmann’s equation (4) (see also section 4).
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2.2 Solutions
We start by changing the independent variable in equation (20) from t to
a:
a2
d2δ
da2
+ Aa
dδ
da
+
(
B +
k2 c2s
H2a2
)
δ = 0 , (21)
where
A =
3
2
(1 + 2c2s − 5w) +
3
2
(1 + w)
Λ
3H2
, (22)
B = −3
2
(1− 6c2s − 3w2 + 8w) +
3
2
(1 + w)(1− 3w) Λ
3H2
. (23)
Radiation dominated phase:
We take radiation to be the dominant component, and study its perturba-
tions δR. We take (k
2 c2s)/(H
2a2)≪ 1, which in this case corresponds to con-
sidering perturbations larger than the Hubble radius. Taking c2s = w = 1/3,
equation (21) becomes
a2
d2δR
da2
+ 2
Λ
3H2
a
dδR
da
− 2δR = 0 . (24)
We now rewrite Friedmann’s equation as
H2 =
8piG
3
(ρR + ρDM ) +
Λ
3
. (25)
Ignoring the matter term in (25), we can writeH asH2 = H20 (ΩR a
4
0/a
4+ΩΛ),
where the quantities Ω are the usual quotient of the density to the critical
density, given by ΩR =
8piG
3H2
0
ρR and ΩΛ =
Λ
3H2
0
. Using this in equation (24),
we get the solutions
δRg ∝ a2 2F1
[1
4
, 1,
7
4
,−ΩΛ
ΩR
a4
a40
]
, (26)
δRd ∝
√
ΩΛa4 + ΩRa40
a
, (27)
where d and g stand for the decaying and growing modes and 2F1[a, b; c; z]
is the hypergeometric function which can be given in terms of a power series∑
∞
k=0(a)k(b)k/(c)k z
k/k!. As ΩΛa
4 ≪ ΩRa40, these solutions reduce to those
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obtained in the Λ = 0 case: δRg ∝ a2 , δRd ∝ 1/a, as would be expect from
the fact that, in the radiation dominated phase, the cosmological constant
does not have much influence in the dynamics of expansion, given by equation
(4).
To consider perturbations smaller than the Hubble radius in the radiation
dominated phase, we take (k2 c2s )/(H
2a2) ≫ 1, and ignore the B term in
(21). As we are considering the radiation dominated phase, the cosmological
constant does not have much influence in the dynamics of evolution, and
thus the solution in this case is the same as the one for the Λ = 0 case (see
[Padmanabhan 1993]).
Matter dominated phase:
We now study the perturbations in dark matter, δDM in the matter domi-
nated phase (to study matter perturbations in the radiation dominated phase,
we need to consider the two fluid situation, developed in the next section).
We have c2s = w = 0, and, using this (but preserving cs in the (k
2 c2s )/(H
2a2)
term to account for pressure support), equation (21) becomes
a2
d2δ
da2
+
3
2
(
1 +
Λ
3H2
)
a
dδ
da
+
( k2 c2s
H2a2
− 3
2
+
3
2
Λ
3H2
)
δ = 0 . (28)
We take (k2 c2s)/(H
2a2) ≪ 1, which here corresponds to considering wave-
lengths larger than the Jeans wavelength, λJ ∝ cs/ρ1/2, which is the char-
acteristic scale at which pressure support becomes an important factor. For
matter domination, we approximate (25) by taking only the matter term.
We can then ignore the Λ terms in (28), and get the usual solutions (see,
e.g., [Padmanabhan 1993]), given by δDM = Aa+Ba
−3/2.
Lambda dominated phase:
If we take into account the cosmological constant, as well as matter, we
can writeH asH2 = H20 (ΩM a
3
0/a
3+ΩΛ), where ΩM =
8piG
3H2
0
ρDM . Substituting
this into equation (28) and once again ignoring the term (k2 c2s )/(H
2a2), we
will get the solutions:
δDM d = A
√
1 + x3
x3/2
(29)
δDM g = B x 2F1
[1
3
, 1,
11
6
,−x3
]
(30)
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where 2F1 is the hypergeometric function defined earlier, and x is a mod-
ified scale factor defined by x = a/aΛ = x aeq/aΛ, where x is the usual
scale factor x = a/aeq, with aeq the scale factor at the time of matter ra-
diation equivalence and aΛ = a0(ΩM/ΩΛ)
1/3 the scale factor of the universe
when the energy density of dark matter and of the cosmological constant is
the same. These solutions have also been obtained by Silveira and Waga
[Silveira & Waga 1994] for a study of perturbations in a universe with a time
dependent cosmological constant. The behaviour for zero cosmological con-
stant is obtained by taking the limit x≪ 1, and corresponds to the solutions
obtained for the matter dominated phase. Solution (30) is shown in Fig. 1.
1
2
3
4
dDM
x1 2 3 4
Figure 1. Amplitude of the dark matter perturbations as a function of the
modified scale factor x; the dashed line represents the evolution of the per-
turbation for Λ = 0, the full line in the presence of Λ.
One sees that for x ≪ 1 the perturbations follow the behaviour for Λ =
0, δDM ∝ x, while for x ≫ 1, when the cosmological constant dominates
dynamically, the growth of perturbations is suppressed.
We finally consider the case where the cosmological term dominates in
equation (4). We can then writeH2 ≃ Λ/3 and equation (28) becomes simply
a2
d2δDM
da2
+ 3
dδDM
da
= 0 , (31)
whose solution is
δDM = A+Ba
−2 . (32)
Comparing this to the solution for the matter dominated phase, given by
δ = Aa +Ba−3/2, we can see that the presence of the cosmological constant
causes the perturbations to stop growing.
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The growing mode throughout the different phases is then given by:


δR = a
2 (radiation d.p., mode bigger than the H.r.)
δDM = a (matter d.p., mode bigger than J.l.)
δDM = constant (Λ d.p., mode bigger than J.l.)
where “d.p.” stands for dominated phase, “H.r.” for Hubble radius, and
“J.l.” Jeans length. The one fluid relativistic description is good enough to
study perturbations in the dynamical dominant component. However, if one
wants to understand the behaviour of the other fluid components one needs
a two-fluid description. This we shall do now for the case of radiation and
dark matter.
3 The relativistic case: two fluids
3.1 Equations
In order to study simultaneously the perturbations in radiation and dark
matter, we shall first set up the equations for the relativistic, multi-fluid
case, and then specify for a 2-fluid with those components. We again follow
([Padmanabhan 1993]), generalizing the procedure to include a non-zero cos-
mological constant.
We consider the case of a perfect fluid made up of N perfect fluids, each
with an energy momentum tensor given by T αβN = (ρN + pN)u
α
Nu
β
N − pNgαβ,
where, as before, we work in the comoving gauge, uαN ≡ (1, 0, 0, 0). Each of
these fluids will then obey equations (2) and (3), where the quantities will
now have indexes N . Following the same procedure as in the single fluid
case, we get the following equations:
ρ˙N = −3HN (ρN + pN ) , (33)
1
3
Dαu˙
α
N = H˙N +H
2
N +
4piG
3
(ρ+ p)− Λ
3
, (34)
Dαu˙
α
N = −
∇2pN
ρN + pN
+
3(H −HN)
ρN + pN
p˙N . (35)
In equation (35), the last term in the right hand side is new when compared
to equation (8). This comes from the fact that, in the equation for each fluid
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equivalent to (3), we no longer have hβα, which is the correct projection tensor
onto the comoving hypersurfaces, but a term h βNα = g
β
α − uNαuβN . This new
term reduces to zero in the case of a single fluid. We also have for the total
fluid quantities:
ρ =
∑
N
ρN , p =
∑
N
pN , H =
∑
N
ρN + pN
ρ+ p
HN , (36)
and
H −HN = δH − δHN . (37)
We can now follow the procedure of linearizing equations (33), (34) and
(35), using the change in time variable described in the last section, given by
(10), and equation (37), to get the following perturbation equations:
δρ˙N = −3(ρN + pN)− 3HδρN − 3H(δpN − θNδp) (38)
δH˙N = −2HNδHN − 4piG
3
δρ− 1
3
∇2pN
ρN + pN
+
p˙N
ρN + pN
[∑
M
(θMδHM)− δHN
]
(39)
where
θN =
ρN + pN
ρ+ p
. (40)
The quantities wN and cs
2
N are as defined before for the fluid N . For the
total fluid these are given by:
w =
p
ρ
; c2s =
p˙
ρ˙
, (41)
where ρ and p are defined by (36). It is important to notice that, unlike what
happened with a single fluid, we have here c2s 6= δp/δρ. The final equation
for the perturbations is then given by
δ¨N + (2 + 3cs
2
N − 6wN)Hδ˙N + 3H
1 + wN
1 + w
cs
2
N
∑
M
ρM
ρ
(
1− cs
2
M
cs2N
)
δ˙M
+ 3
[1
2
(−3H2 + Λ)(cs2N − wN)(1 + w) + 5H2(cs2N − wN) + 2HcsN c˙sN
]
δN
+ 9H2
1 + wN
1 + w
(c2s − w)cs2N
∑
M
ρM
ρ
(cs2M − wM
c2s − w
− cs
2
M
cs2N
)
δM
11
−
( 6H2
1 + w
+
3
2
(−3H2 + Λ)
)
(1 + wN)
∑
M
ρM
ρ
cs
2
NδM
− 3H 1 + wN
1 + w
∑
M
csM
ρM
ρ
(3HcsM(w − wM) + 2c˙sM)− 4piG(1 + wN)δ
− cs2N∇2δN = 0 (42)
We are interested in studying the two fluid case, which in this case will
be radiation and dark matter. Following ([Padmanabhan 1993]), we now
introduce the adiabatic δ and isocurvature S perturbations related to the
individual fluid perturbations by:
δ =
ρ1δ1 + ρ2δ2
ρ1 + ρ2
; S =
δ1
1 + w1
− δ2
1 + w2
. (43)
Using these definitions, the two perturbation equations become:
δ¨ +H(2− 6w + 3c2s)δ˙ − 32H2(1− 6c2s + 8w − 3w2)δ
+1
2
(1 + w)(1− 3w)Λδ = −k2
a2
(
c2sδ + wη
)
(44)
and
S¨ +H(2− 3u2)S˙ = k
2
a2
(
(cs
2
1 − cs22)
δ
1 + w
− u2S
)
, (45)
where
η =
ρ1(1 + w1)ρ2(1 + w2)
ρw(1 + w)
(cs
2
1 − cs22)S , (46)
u2 =
ρ1(1 + w1)cs
2
2 + ρ2(1 + w2)cs
2
1
ρ(1 + w)
. (47)
Equation (44) reduces to that of the single fluid case (20) if we take η = 0
and a single fluid component.
3.2 Solutions
We discuss here the case of a two component system, with radiation and
dark matter. We will use as variable, instead of a, x = a/aeq, with aeq being
the scale factor at the time of matter-radiation equivalence. With this new
variable we can write:
ρDM
ρeq
=
1
2x3
;
ρR
ρeq
=
1
2x4
;
ρ
ρeq
=
ρDM + ρR
ρeq
=
1
2x4
(x+ 1) . (48)
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Taking wDM = 0 = cs
2
DM and wR = 1/3 = cs
2
R, we have
w =
pDM + pR
ρDM + ρR
=
1
3(1 + x)
; c2s =
˙pDM + p˙R
˙ρDM + ρ˙R
=
4
9
1
x+ 4/3
. (49)
Using these definitions, we may write H as
H2(x) =
1
2x4
(x+ 1)H2eq +
Λ
3
(
1− 1
2x4
(x+ 1)
)
. (50)
We will characterize the perturbations by the parameter ω, with
k2
H2a2
=
2x2
(1 + x)
ω2 , (51)
with ω related to the wavelength by 2piω = [dH(teq)/λ(aeq)], where dH is the
Hubble radius. Perturbations for which ω > 1 will enter the Hubble radius
in the radiation dominated phase, while for ω < 1 they will enter it in the
matter dominated phase.
Using the new variable x, and definitions (48) to (51), and defining Dˆ =
x(d/dx), we can rewrite equations (44) and (45) as
Dˆ2δ +
[
5
2
x
1+x
− x
x+4/3
− 1 + 1
2
Λ
3H2
(
3 + 1
1+x
)]
Dˆδ +
(
1
2
x2
(1+x)2
+ 3x
4
+9
4
x2
x+4/3
− 3x2
1+x
− 2 + 2x x+4/3
(x+1)2
Λ
3H2
)
δ
= 4
3
ω2
(x+1)(x+4/3)
(
xS − (x+ 1)δ
)[
2
3
x2
x+1
+ 1
x2
(
1− 2x4
x+1
)
Λ
3H2
]
(52)
Dˆ2S +
[
x
2(1+x)
− x
x+4/3
+ 1
2
(
3 + 1
1+x
)
Λ
3H2
]
DˆS
+1
3
ω2x
x+4/3
[
2x2
x+1
+
(
1
x2
− 2x2
x+1
)
Λ
3H2
]
S
= 1
3
ω2
x+4/3
[
2x2 +
(
x+1
x2
− 2x2
)
Λ
3H2
]
δ (53)
The perturbations δ and S can be related to the perturbations in the radia-
tion and dark matter components by:
∆R =
3
4
δR =
x+ 1
x+ 4/3
δ − x
x+ 4/3
S , (54)
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∆DM = δDM =
x+ 1
x+ 4/3
δ +
4
3
1
x+ 4/3
S . (55)
With these relations we can now write the equations in ∆R and ∆DM corre-
sponding to equations (52) and (53):
[
Dˆ2 +
(
1
2
x
x+ 1
+
3
2
x+ 4/3
x+ 1
Λ
3H2
)
Dˆ +
3
2
x
x+ 1
( Λ
3H2
− 1
)]
∆DM =
=
4
3
1
x+ 4/3
[
Dˆ + 2− x
x+ 4/3
]
∆R
− 8
9
1 + x− 2x4
x2(x+ 1)(x+ 4/3)
Λ
3H2
ω2∆R , (56)
[
Dˆ2 +
(
1
2
x
x+1
− 1 + 3
2
x+4/3
x+1
Λ
3H2
)
Dˆ +
(
2
3
ω2x2
x+1
+ 4
3
1
x+4/3
(
x
x+4/3
− 2
))
+
(
1
x2
− 2
3
1
x(x+4/3)
− 2x2
x+1
+ 4
3
x3
(x+1)(x+4/3)
)
ω2 Λ
3H2
]
∆R
=
[
3
2
x
x+1
(
1− Λ
3H2
)
− x
x+4/3
Dˆ
]
∆DM . (57)
We are interested in studying the solutions of these equations in the
two limiting cases ω2 ≫ 1 (perturbations entering the Hubble radius in the
radiation dominated phase) and ω2 ≪ 1 (perturbations entergin the Hubble
radius in the matter dominated phase). We can further divide our study to
the cases where x ≪ 1 and x ≫ 1. As we have discussed earlier, the effects
of the presence of a cosmological constant will only be important for x≫ 1,
well into the matter dominated phase, as the cosmological constant starts
to assume a greater importance in the dynamics of evolution. Therefore, we
will here restrict ourselves mainly to these cases; we will, however, discuss
a situation where x ≪ 1 in order to certify that the solution obtained is
approximately the same as that of the case Λ = 0.
ω2 ≫ 1: perturbations entering the Hubble radius in the radiation dominated
phase
The case ω2 ≫ 1, for which the perturbations enter the Hubble radius in
the radiation dominated phase, has three distinct cases: (i) when the mode
is bigger than the Hubble radius, ωx≪ 1, the solution is very close to that
of the Λ = 0 case, given by ∆R = ∆DM = x
2, so we will not discuss it
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further here; (ii) when ωx≫ 1, but x≪ 1, the mode has entered the Hubble
radius, but the universe is still in the radiation dominated phase; this case
also shows very little deviation from the zero cosmological constant case, but
we will consider it here to show this; (iii) finally, there is the case ωx≫ 1, and
x≫ 1, when the universe is in the matter dominated phase; this case shows
significant deviation from the Λ = 0 case. For zero cosmological constant,
([Nayeri & Padmanabhan 1998]) give an interesting approach to this case,
based on a Newtonian theory with a modified continuity equation (see also
[Lima et al. 1997]).
We now discuss case (ii). Approximating equation (57) for ωx ≫ 1,
x≪ 1, we get
Dˆ2∆R − Dˆ∆R + 2
3
ω2x2∆R +
ω2
x2
ΩΛ∆R = 0 . (58)
Using equation (50), we can write ΩΛ as:
ΩΛ =
Λ
3H2
= ΩΛ eq
2x4
x+ 1 + ΩΛ eq(2x4 − x− 1) (59)
where the index eq refers to the time of matter radiation equivalence. This
expression can, in this case, be approximated to ΩΛ ≃ ΩΛ eq 2x4, where we
took ΩΛ eq ≪ 1. As ΩΛ eq is constant, equation (58) can be solved to give
∆R = A exp (±iνx) ; ν2 =
(2
3
+ 2ΩΛ eq
)
ω2 ≫ 1 . (60)
This represents a rapid oscillation at frequency ν, which, due to the fact that
ΩΛ eq ≪ 1, is very close to the frequency of oscillation of the solution for the
Λ = 0 case (see [Padmanabhan 1993]). The solution for ∆DM , ∆DM = lnx,
is also approximately that obtained for zero Λ.
We finally consider case (iii), x≫ 1. The equations are:
Dˆ2∆DM +
1
2
(1 + 3ΩΛ)Dˆ∆DM +
3
2
(ΩΛ − 1)∆DM = 16
9
ω2ΩΛ∆R , (61)
Dˆ2∆R +
1
2
(−1 + 3ΩΛ)Dˆ∆R + 2
3
ω2x(1−ΩΛ)∆R = 3
2
(1−ΩΛ)∆DM − Dˆ∆DM .
(62)
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For a value of x sufficiently low, the perturbations will still follow the be-
haviour they had in the Λ = 0 case, as long as the cosmological con-
stant does not produce significant changes in the dynamics of expansion.
From ([Padmanabhan 1993]), we see that the growing mode of ∆DM is Ax,
while the corresponding mode of ∆R is (3A)/(4w
2). For ΩΛ close to 1, the
term in the first derivative in the left hand side of (61) is then close to
2Ax, while the term in the right hand side is 4A/3; taking x ≫ 1, we
can then ignore the term in ∆R. Substituting ΩΛ for Λ/3H
2, and taking
H2 = H20 (ΩM a
3
0/a
3
eq 1/x
3 + ΩΛ), where the quantities ΩM and ΩΛ now refer
to their present values, we obtain for the solutions to the equation in ∆DM :
δd ∝
√
a30ΩM + a
3
eqΩΛx
3
x3/2
, (63)
δg ∝ x 2F1
[1
3
, 1,
11
6
,−ΩM
ΩΛ
a3eq
a30
x3
]
. (64)
These correspond to the solutions obtained previously to the equations for
the perturbations in matter in the single fluid relativistic case, (29) and (30).
We now take the limiting case ΩΛ ≃ 1. In this limit, equations (61) and (62)
become:
Dˆ2∆DM + 2Dˆ∆DM = 0 , (65)
Dˆ2∆R + Dˆ∆R + Dˆ∆DM = 0 . (66)
The solution of (65) will then be
∆DM = δDM = A +Bx
−2 , (67)
and, taking the dominant mode in (67), the solution of (66) is
∆R =
3
4
δR = C +Dx
−1 . (68)
As expected, the presence of a cosmological constant causes a halt in the
growth of perturbations, with the perturbations in dark matter being greater
than the radiation ones.
We can summarize the evolution of the perturbations as:


δDM = x
2 ; δR = 4/3x
2 before entering the H.r.
δDM = lnx ; δR oscillates radiation d.p., after entering the H.r.
δDM ; δR tend to a const. for Λ domination
after entering the H.r.
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ω2 ≪ 1: perturbations entering the Hubble radius in the matter dominated
phase
We now treat the case ω2 ≪ 1. In this case, the modes enter the Hubble
radius in the matter dominated phase. The solutions for x≪ 1 are approx-
imately the same as in the case Λ = 0, (see [Padmanabhan 1993]). We find
the solutions for the case w2x2 ≫ 1 and x ≫ 1. As there is a coupling
(through terms of order ωx) between δ and S in equations (52) and (53),
we can take δ = S here, and, with these approximations, equations (52) and
(53) become:
Dˆ2δ +
(
1
2
+
3
2
Λ
3H2
)
Dˆ +
3
2
(
− 1 + Λ
3H2
)
δ = 0 , (69)
Dˆ2S +
(
− 1
2
+
3
2
Λ
3H2
)
DˆS = 0 . (70)
In the Λ dominated phase we can approximate ΩΛ ≡ Λ/(3H2) as a constant,
since H will be approximately constant. The dominant growing mode is then
given by:
δg = Sg = x
ng , ng =
1
4
(−1 − 3ΩΛ +
√
25− 18ΩΛ + 9Ω2Λ) ; (71)
and the decaying mode by
δd = Sd = x
nd , nd =
1
4
(−1− 3ΩΛ −
√
25− 18ΩΛ + 9Ω2Λ) . (72)
For ΩΛ = 1, these exponents become ng = 0 and nd = −2, which correspond
to the solution (32). For ΩΛ = 0.7, we have ng = 0.25 and nd = −1.8.
In the limit Λ → 0, these reduce to the appropriate solutions, ng = 1 and
nd = −3/2. The dominant modes can then be summarized as follows:


δ = x2 ; S = lnx before entering the H.r.
δ = x ; S = x matter d.p., after entering the H.r.
δ = xng ; S = xng limiting case for Λ d.p. after entering the H.r.
4 Newtonian Approximation
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4.1 Equations
The equations in the Newtonian approximation are derived classically,
so the introduction of a cosmological constant will not change them; it will
only influence the solutions when we consider the dynamics of expansion.
We will here give a very brief description of the procedure and present the
equations we will be using. We start with the classic fluid equations of mass
conservation and pressure support:
ρ˙ ≡ ∂ρ
∂t
+ (v · ∇)ρ = −ρ(∇ · v) (73)
v˙ = −∇φ− ρ−1∇p (74)
We relate the velocity v to the Hubble constant H by Hubble’s Law, v(t,x) =
H(t)x, and consider quantities to be of the form A = Ab+δA. We substitute
these in equations (73) and (74), and linearize them, taking only the terms
up to first order. Using ∇2δφ = 4piGδρ and the definitions δp = c2sδρ and
δ = δρ/ρ, we arrive at the following equation for the perturbations:
δ¨ + 2Hbδ˙ − c2sa−2∇2δ = 4piGρbδ , (75)
where the a−2 term in the Laplacian comes from considering Friedmann co-
moving coordinates. Considering perturbations with wavelength λ, and tak-
ing the Fourier transform, we can write the ∇2 term as −k2. Equation (75)
then takes the form:
δ¨ + 2Hbδ˙ +
k2c2s
a2
δ = 4piGρbδ . (76)
This discussion can be generalized for the multi-fluid case. The corre-
sponding equation is then
δ¨N + 2Hbδ˙N − cs2Na−2∇2δN = 4piG
∑
M
ρMδM (77)
where the sum on the right hand side is over all components. A smoothly
distributed component (e.g. the cosmological constant term) does not con-
tribute to this term.
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4.2 Solutions
We consider here the case where λ ≫ λJ . We can then ignore pressure
support, that is, ignore the k2 term in the left hand side of (76), and get the
equation
δ¨ + 2Hδ˙ − 4piGρδ = 0 (78)
As shown by Heath ([Heath 1977]), an integral expression for the growing
solution of equation (78) for any value of ΩM and ΩΛ can be obtained by
noticing that H(t) is itself a decaying solution to this equation. The growing
mode can then be given by
δ ∝ H(z)
∫
∞
z
1 + x
H3(x)
dx , (79)
with
H(z) = H0(1 + z)
[
1 + ΩMz + ΩΛ
( 1
(1 + z)2
− 1
)]1/2
(80)
and z = a0/a− 1 is the redshift.
An analytical solution for the Λ = 0 case is widely known (see, for exam-
ple, [Padmanabhan 1993]), and an analytical expression for (79) in terms of
elliptic integrals is given by Eisenstein ([Eisenstein 1997]). A good approxi-
mation to this integral, given by
δ ≈ a 5
2
ΩM
[
Ω
4/7
M − ΩΛ +
(
1 +
1
2
ΩM
)(
1 +
1
70
ΩΛ
)]
−1
, (81)
(which is normalized to give δ = a for ΩM = 1 , ΩΛ = 0) was given by
Carroll et al. ([Carroll et al. 1992]). Taking the limit ΩM ≃ 0 with ΩΛ 6= 1,
the integral (79) can be approximated by
δ ∝ 1
1− ΩΛ , (82)
which is a constant. We expect the perturbations to stop growing when the
cosmological constant becomes the dominant energy form, because the expan-
sion becomes faster than the gravitational collapse of the perturbations. The
expansion timescale is given roughly by texp ∼ (Gρdominant)−1/2 ∼ (GρΛ)−1/2,
and is smaller than the collapse timescale, tgrav ∼ (GρM )−1/2, as long as
ρΛ > ρM ; thus, the rapid expansion of the background prevents the growth
of the perturbations by gravitational collapse.
We now study the perturbations in the matter component in a universe
with a cosmological constant, in the case λ ≫ λJ where we can ignore the
pressure support. The perturbation equation is simply (78), with H given
by (25). In order to use the Newtonian equations, we are considering here
the case when the universe is well into the matter dominated phase, and as
such we can ignore the radiation term in (25). Further, as we are not taking
into account the radiation, we need not distinguish between dark matter and
baryonic matter, as they do not have different interactions with the cosmo-
logical constant term, unlike what happened with radiation.
Using the variable x = a/aΛ, we get the equation:
(1 + x3)x2δ ′′ +
3
2
(x+ 2x4)δ ′ − 3
2
δ = 0 (83)
The solutions to these equations are the same as the ones obtained earlier
for the relativistic case, given by (29) and (30).
5 Conclusion
We have studied the equations for the gravitational collapse of density pertur-
bations in an expanding universe of the Friedmann-Robertson-Walker type,
whose dynamics is described by equation (25), taking into account the pres-
ence of the cosmological constant Λ (or equivalently, considering the universe
permeated by a quintessence fluid with an effective equation of state given
by p = −ρ). We have confirmed that the cosmological constant does not
have much influence in the behaviour of perturbations until it becomes a
significant factor in the expansion of the universe, see equation (25). Thus,
as we have explicitly shown for the particular case of perturbations in ra-
diation for the two-fluid case in (60), the growth of the perturbations for
Λ 6= 0 is not significantly altered in the radiation dominated phase, when
compared to a Λ = 0 universe. On the other hand, when the cosmological
constant becomes important in the expansion, at later times, we have seen
that significant differences arise in the behaviour of perturbations. This is
caused by the fact that the expansion becomes faster than the gravitational
collapse of the perturbations, thereby preventing any further growth. This
behaviour can be seen, for example, in the exponent ng of the solution (71),
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which for Λ = 0 is ng = 1, while for ΩΛ = 0.7 we have ng = 1/4. A more
detailed solution for the transition from the phase of matter domination to
that of Λ-domination has been obtained, both in the fully relativistic case
and in the Newtonian approximation (which we have shown to be a good
approximation in this case). This solution is given by equation (30), and is
illustrated in Fig. 1. In this figure we can clearly see the transition from the
behaviour in the matter domination phase (x≪ 1), when the perturbations
grow as a, to the phase of cosmological constant domination (x≫ 1), when
the perturbations stop growing altogether.
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